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1. INTRODUCTION 
In this paper we consider only finite graphs, and all graphs are assumed 
to be undirected unless specified otherwise. For the sake of convenience we 
define the most important concepts below, and we refer the reader to [l 
and 41 for any notation and terminology not explained here. 
Let G be a graph and X, Yc VG. We denote by [X, Y] the set of all 
edges joining a vertex of X and a vertex of Y. If X= VG - X, then [X, 81 is 
called an edge cut when both X and x are nonempty. We abbreviate 
[X, XJ by 6(X). A minimal nonempty edge cut is a bond. If G is a directed 
graph and every edge is directed from the end in X, then 6(X) is a directed 
edge cut. 
A vertex cut of G is a set X of vertices such that G-X has more com- 
ponents than has G. Let R be a set of bonds in G. If the edges of G can be 
oriented so that every bond of R is directed, then we say that R is con- 
sistently orientable. A cyclic sequence of bonds R = (C,, C, ,..., C,- i) with 
n 2 3 is a ring or n-ring of bonds in the graph G if 
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(i) R is consistently orientable, 
(ii) CinCj#@ if and only if i=j, i=j+l (mod n) or i=j-1 
(mod n), and 
(iii) no edge of G belongs to more than two bonds of R. 
The ring R = (C,, Cl,..., C,- 1) is even if n is even. R is strict if there do not 
exist distinct bonds A, B, C satisfying the conditions BE R, C E R, 
B n C = a, A E B v C. Furthermore R is maximal if there does not exist a 
ring R’ = (CL, C; ,..., CL _ 1) in G such that 
m-1 n-l 
U C;C U C,andm>n. 
k=O I=0 
Rings of bonds in graphs were introduced in [4], where it was shown 
that every strict maximal ring of bonds of size greater than 3 is even. Here 
we show that maximal 3-rings of bonds cannot exist. The dual of this result 
for planar graphs, together with the dual of the main result in [4], proves 
a characterization of planar graphs conjectured in [S]. Chernyak [2] has 
independently also used the dual of the main result of this paper to prove 
that conjecture. 
2. THE THEOREM 
THEOREM. No graph has a maximal j-ring of bonds. 
Proof Suppose there exists a graph G that has a maximal 3&g 
(Co, C1, C,) of bonds. Choose G to have a few edges as possible. Thus G is 
connected. 
Note first that C,u C1 u C2 = EC for should there exist eE EC - 
(Co u C1 u C,), then (Co, C,, C,) would remain a maximal 3-ring in the 
graph obtained from G by contracting e. The choice of G would then be 
contradicted. 
Suppose G has an induced circuit 2 of length n 24. Let VZ = 
{ ul, Q,..., a,}, where vi is adjacent to vi+, for each i< n. If n is even, then 
@(hl)? wJ*>L WU”))) is an n-ring. If n is odd, then (a({~, )), 
W4)~...~ WL2~)~ WL- ,, u,})) is an (n - l)-ring. In either case the 
maximality of (Co, Ci , C,) is contradicted. 
We infer that no induced circuit of G has length greater than 3. In the 
terminology of [3], G is a rigid circuit graph. (Several other authors call 
such a graph “chordal”.) It is proved in [3] that any two distinct vertices 
in the same minimal vertex cut of a rigid circuit graph must be adjacent. 
We shall use this fact to show that every minimal vertex cut in G must have 
cardinality 3. 
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Let X be a minimal vertex cut in G. Clearly the choice of G implies that 
G is 2-connected, for if G - {v } were not connected for some v E VG, then 
no bond in G could contain two edges joining v to vertices in distinct com- 
ponents of G - {v}. Thus the requirement that EG = Co u C, u Cz could 
not be met. Hence 1x1 > 1. 
Suppose next that 1x1 = 2. Let X= {u, v}. Since G is a rigid circuit 
graph, u and v must be joined by an edge e. Without loss of generality, 
assume that e E C, - C,. For each in (0, 1,2} let Ci = 6( Y,), where u 4 Yi. 
Thus VE Y, - Y,. 
By the choice of u and v, there exist complementary nonempty subsets A 
and B of VG - X such that [A, B] = 0. As Y,nX= 0, we may assume 
that Y,, 5 A. Let G, = G - B and G, = G - A. For each i E { 0, 1,2} define 
Y: = Y, A VG, and C: = [ q, VG - (Bu q)]. It is then easily checked that 
(Cb, C;, C;) is a 3-ring in G,. Suppose that (Or, D2,..., Dk) is a k-ring of 
G, with k > 3 and that Ur=, 0, G Co u C’, u C;. For each j define 
Dj=Dj ife,$D 
=D,n(C,nEG,) otherwise. 
Then (D;, D;,..., D;) is a k-ring of G, in contradiction to the maximality of 
(C,, C1 , C,). Hence (CL, C;, C;) is a maximal 3-ring in G,. This result 
contradicts the choice of G. We conclude that 1x1 > 2. 
Next, suppose that G has a subgraph H isomorphic to K4. Let G be 
oriented so that each of C,, C,, C2 is a directed bond. Without loss of 
generality we may assume that one of the following possibilities holds: 
(i) H has neither a source nor a sink; (ii) H has a unique source but no 
sink; (iii) H has a unique source and a unique sink. The observation that 
C,u C, u C, = EG rules out (i) and (ii) immediately (note that if 
C,n EH # 12/ for some i, then H - Ci is a l-factor of H or the edge set of a 
triangle of H) and rules out (iii) in conjunction with the requirement that 
C, n C, n C, = @. Hence G can have no subgraph isomorphic to K4. As a 
corollary we infer that 1x153 since no distinct vertices in X are adjacent. 
We conclude that 1x1 = 3. 
Suppose that I VGI 24. Then there must be two distinct vertices, x and y, 
that are not adjacent. Some subset of the neighbours of x then forms a 
minimal vertex cut, (a, b, c}. Hence we have the contradiction that 
{x, a, 6, c> is the vertex set of a copy of K4 using the argument of the last 
paragraph. 
Thus I I’GI 5 3. The theorem follows immediately, as the three bonds in a 
triangle are not consistently orientable. 
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